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a b s t r a c t
Consider a graph G consisting of a vertex set V (G) and an edge set E(G). Let∆(G) and χ(G)
denote the maximum degree and the chromatic number of G, respectively. We say that G
is equitably ∆(G)-colorable if there exists a proper ∆(G)-coloring of G such that the sizes
of any two color classes differ by at most one. Obviously, if G is equitably ∆(G)-colorable,
then∆(G) ≥ χ(G). Conversely, even if G satisfies∆(G) ≥ χ(G), we cannot guarantee that
Gmust be equitably∆(G)-colorable. In 1994, the Equitable∆-Coloring Conjecture (E∆CC)
asserts that a connected graph G with ∆(G) ≥ χ(G) is equitably ∆(G)-colorable if G is
different from K2n+1,2n+1 for all n ≥ 1. In this paper, we give necessary conditions for a
graph G (not necessarily connected) with∆(G) ≥ χ(G) to be equitably∆(G)-colorable and
prove that those necessary conditions are also sufficient conditions when G is a bipartite
graph, or G satisfies∆(G) ≥ |V (G)|3 + 1, or G satisfies∆(G) ≤ 3.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A graph G consists of a vertex set V (G) and an edge set E(G). All graphs considered in this paper are finite, loopless, and
without multiple edges. We refer the reader to [10] for terminology in graph theory. A proper k-coloring of a graph G is a
labeling f : V (G)→ {1, 2, . . . , k} such that adjacent vertices have different labels. The labels are colors; the vertices of one
color form a color class. The chromatic number of a graph G, written as χ(G), is the least k such that G has a proper k-coloring.
An equitable k-coloring of a graph G is a proper k-coloring of G such that the sizes of any two color classes differ by at most
one. A graph G is equitably k-colorable if there exists an equitable k-coloring of G. The equitable chromatic number of a graph
G, written as χ=(G), is the least k such that G is equitably k-colorable. Obviously, for any graph G, we have χ=(G) ≥ χ(G). In
1973, Meyer [9] introduced first the notion of equitable colorability. In 1998, Lih [7] surveyed the progress on the equitable
coloring of graphs.
Consider a graph G, and let ∆(G) denote the maximum degree of G. In 1970, one well-known result of Hajnal and
Szemerédi implied the following.
Theorem 1.1 ([5]). A graph G is equitably k-colorable if k ≥ ∆(G)+ 1.
Hence, the next thing we would like to know is, when k = ∆(G), whether a graph G is still equitably k-colorable or
not. Clearly, if a graph G is equitably ∆(G)-colorable, then ∆(G) ≥ χ(G); otherwise, we have χ=(G) ≤ ∆(G) < χ(G), a
contradiction. And in 1941, Brooks proved the following.
Theorem 1.2 ([1]). If G is a connected graph different from the odd cycle C2n+1 and the complete graph Kn for all n ≥ 1, then
∆(G) ≥ χ(G).
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Therefore, a graph G (not necessarily connected) satisfies∆(G) ≥ χ(G) if and only if no component of G is an odd cycle
when∆(G) = 2 and no component ofG is a complete graph of order∆(G)+1when∆(G) ≠ 2. But, even if a graphG satisfies
∆(G) ≥ χ(G), it is not sufficient to guarantee that Gmust be equitably∆(G)-colorable. Let us consider a balanced complete
bipartite graph K2n+1,2n+1 for some n ≥ 1. Then ∆(K2n+1,2n+1) = 2n + 1 ≥ χ(K2n+1,2n+1) = 2. However, K2n+1,2n+1 is
apparently not equitably∆(K2n+1,2n+1)-colorable. In fact, Chen et al. in 1994 proposed the following conjecture.
The Equitable ∆-Coloring Conjecture (E∆CC) ([3]). A connected graph G is equitably ∆(G)-colorable if G is different from
C2n+1, Kn and K2n+1,2n+1 for all n ≥ 1.
Since ∆(C2n+1) < χ(C2n+1) and ∆(Kn) < χ(Kn) for all n ≥ 1, the conclusion of the E∆CC can be equivalently stated as
that a connected graph G with ∆(G) ≥ χ(G) is equitably ∆(G)-colorable if G is different from K2n+1,2n+1 for all n ≥ 1. But,
it takes no time to realize that if the graph G with ∆(G) ≥ χ(G) is disconnected, then the conditions for G to be equitably
∆(G)-colorable are quite different. For example, if G is the disjoint union of two K3,3, then G is equitably ∆(G)-colorable.
However, if G is the disjoint union of K3,3 and K3, then G is not equitably∆(G)-colorable. Hence, we need some extra efforts.
In this paper, we give necessary conditions for a graph G (not necessarily connected) with∆(G) ≥ χ(G) to be equitably
∆(G)-colorable and prove that those necessary conditions are also sufficient conditions when G is a bipartite graph, or G
satisfies∆(G) ≥ |V (G)|3 + 1, or G satisfies∆(G) ≤ 3.
2. Preliminaries
We list first some notation. Consider a graph G. Let α(G) denote the maximum size of an independent set in G. Moreover,
let mG denote the graph consisting of m pairwise disjoint copies of G, where m ≥ 1. Besides, for two graphs G and H with
disjoint vertex sets, the graph obtained by taking the union of G and H is denoted by G + H . If one component of G is
isomorphic to H , then the graph obtained from G by removing such a component is denoted by G− H .
Lemma 2.1. If two graphs G andH with disjoint vertex sets are both equitably k-colorable, then G+H is also equitably k-colorable.
Proof. Since G and H are both equitably k-colorable, V (G) and V (H) can be partitioned into k pairwise disjoint independent
subsets U1,U2, . . . ,Uk and V1, V2, . . . , Vk, respectively, such that 0 ≤ |Ui| − |Uj| ≤ 1 and−1 ≤ |Vi| − |Vj| ≤ 0 for any i < j.
Now, letWr = Ur∪Vr for r = 1, 2, . . . , k. ThenWr is independent for each r ∈ {1, 2, . . . , k} and V (G+H) = V (G)∪V (H) =
W1∪W2∪· · ·∪Wk. Moreover,Wi∩Wj = ∅ and ||Wi|−|Wj|| = |(|Ui|+|Vi|)−(|Uj|+|Vj|)| = |(|Ui|−|Uj|)+(|Vi|−|Vj|)| ≤ 1
for any i < j. Therefore, G+ H is equitably k-colorable. 
Lemma 2.2. mKn,n is equitably k-colorable for any m ≥ 2, n ≥ 2 and k ≥ 2.
Proof. It is trivial that this lemma holds when k = 2. Now, assume that k ≥ 3, and let Ai, Bi be the bipartition of the ith
component of mKn,n, where Ai = {a(i−1)n+1, a(i−1)n+2, . . . , ain} and Bi = {b(i−1)n+1, b(i−1)n+2, . . . , bin} for i = 1, 2, . . . ,m.
Then V (mKn,n) = A ∪ B, where A = A1 ∪ · · · ∪ Am and B = B1 ∪ · · · ∪ Bm are independent sets.
First, we partition A into pairwise disjoint independent subsets of sizes ⌈ 2mnk ⌉, ⌈ 2mn−1k ⌉, . . . , ⌈ 2mn−rk ⌉ and s; partition
B into pairwise disjoint independent subsets of sizes ⌈ 2mn−r−1k ⌉, ⌈ 2mn−r−2k ⌉, . . . , ⌈ 2mn−k+2k ⌉ and t . The numbers r , s and
t satisfy 0 ≤ r < k − 1, 0 ≤ s < ⌈ 2mn−r−1k ⌉ and s + t = ⌈ 2mn−k+1k ⌉ = ⌊ 2mnk ⌋. Next, since |V (mKn,n)| = 2mn =
⌈ 2mnk ⌉ + ⌈ 2mn−1k ⌉ + · · · + ⌈ 2mn−k+1k ⌉ and 0 ≤ ⌈ 2mn−ik ⌉ − ⌈ 2mn−jk ⌉ ≤ 1 for any i < j, if we can show that there exist S ⊆ A
and T ⊆ B such that |S| = s, |T | = t and S ∪ T is an independent subset, then S ∪ T together with the other independent
subsets constitute an equitable k-coloring ofmKn,n.
Let S = {a1, a2, . . . , as} ⊆ A, and also let N(S) be the set consisting of all vertices in B adjacent to some vertex in S.
Note that S = N(S) = ∅ when s = 0. Then there must exist a subset T ⊆ B such that S ∪ T is an independent subset if
|B|−|N(S)|−t ≥ 0. And, whenm = 2, we have 0 ≤ s, t ≤ n, |N(S)| ≤ n and |B|−|N(S)|−t ≥ 2n−n−n = 0; whenm ≥ 3,
we have |N(S)| ≤ s+n−1 and |B|−|N(S)|− t ≥ mn−(s+n−1)− t = (m−1)n−(s+ t)+1 = (m−1)n−⌊ 2mnk ⌋+1 ≥ 0.
Thus we conclude the proof. 
Lemma 2.3. Let G be a graph and suppose that |V (G)| is not divisible by a positive integer n ≥ 3. If G is equitably n-colorable,
then G+ Kn,n is also equitably n-colorable.
Proof. Since |V (G)| is not divisible by n, if G is equitably n-colorable, then V (G) can be partitioned into n pairwise disjoint
independent subsetsU1,U2, . . . ,Un such that the sizes ofU1,U2, . . . ,Un are ⌊ |V (G)|n ⌋, . . . , ⌊ |V (G)|n ⌋, ⌊ |V (G)|n ⌋+1, . . . , ⌊ |V (G)|n ⌋+
1, respectively. Furthermore, it is not difficult to partition V (Kn,n) into n pairwise disjoint independent subsets V1, V2, . . . , Vn
such that the sizes of V1, V2, . . . , Vn are 3, 2, . . . , 2, 1, respectively. Now, let Wr = Ur ∪ Vr for r = 1, 2, . . . , n. Then, for
each r ∈ {1, 2, . . . , n},Wr is independent and the size ofWr is ⌊ |V (G)|n ⌋ + 3 or ⌊ |V (G)|n ⌋ + 2. Moreover,Wi ∩Wj = ∅ for any
i ≠ j and V (G+ Kn,n) = V (G) ∪ V (Kn,n) = W1 ∪W2 ∪ · · · ∪Wn. Therefore, G+ Kn,n is equitably n-colorable. 
Lemma 2.4. Let G be a graph and suppose that |V (G)| is divisible by a positive integer n ≥ 3. If there exists a proper n-coloring of
G such that the sizes of color classes in nondecreasing order are |V (G)|n − 1, |V (G)|n , . . . , |V (G)|n , |V (G)|n + 1, then G+ Kn,n is equitably
n-colorable.
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Proof. It is similar to the proof of Lemma 2.3. 
Lemma 2.5. Let n ≥ 2 be a positive integer and let G be a graph with ∆(G) ≤ n − 1. Then G + Kn,n is equitably n-colorable if
and only if n is even, or G is different from mKn for all m ≥ 1.
Proof. (⇒)Weprove it by contradiction. Suppose that n is odd andG is equal tomKn for somem. Thenα(G) = α(mKn) = m.
Since G + Kn,n is equitably n-colorable, V (G + Kn,n) can be partitioned into n pairwise disjoint independent subsets
V1, V2, . . . , Vn such that |Vi| = |V (G+Kn,n)|n = |V (mKn+Kn,n)|n = m + 2 for all i ∈ {1, 2, . . . , n}. Moreover, since α(G) = m,
we have |Vi ∩ V (G)| = m for all i ∈ {1, 2, . . . , n}. Therefore, |Vi ∩ V (Kn,n)| = 2 for all i ∈ {1, 2, . . . , n}. This implies that Kn,n
is equitably n-colorable. But, it is a contradiction because n is odd. (⇐) First, since∆(G) ≤ n− 1, G is equitably n-colorable
by Theorem 1.1. Hence, if n is even or |V (G)| is not divisible by n, then G+ Kn,n is also equitably n-colorable by Lemmas 2.1
and 2.3. Next, let us suppose that n ≥ 3 is odd and |V (G)| is divisible by n. Since G is equitably n-colorable, there is a proper
n-coloring of G such that each of color classes, denoted by U1,U2, . . . ,Un, has size
|V (G)|
n .
Now, let z be any vertex of G and suppose that z ∈ Ui for some i ∈ {1, 2, . . . , n}. If the open neighborhood NG(z) of z in
G satisfies that NG(z) ∩ Uj = ∅ for some j ∈ {1, 2, . . . , n} and j ≠ i, then we can obtain a proper n-coloring of G such that
the sizes of color classes in nondecreasing order are |V (G)|n − 1, |V (G)|n , . . . , |V (G)|n , |V (G)|n + 1 by moving z from Ui to Uj. Thus
G+ Kn,n is equitably n-colorable by Lemma 2.4. Otherwise, NG(z)∩Uj ≠ ∅ for all j ∈ {1, 2, . . . , n} and j ≠ i. More precisely,
since∆(G) ≤ n− 1, we have |NG(z) ∩ Uj| = 1 for all j ∈ {1, 2, . . . , n} and j ≠ i; that is, G is (n− 1)-regular.
Let u ∈ Us and v ∈ Ut be any two different neighbors of z ∈ Ui in G, where {i, s, t} ⊆ {1, 2, . . . , n}. Then s ≠ t and
NG(u)∩Ui = NG(v)∩Ui = {z}. If u and v are not adjacent in G, thenwe can obtain a proper n-coloring of G such that the sizes
of color classes in nondecreasing order are |V (G)|n − 1, |V (G)|n , . . . , |V (G)|n , |V (G)|n + 1 by moving u and v from Us and Ut to Ui and
moving z from Ui to Us (or Ut ). Thus G+ Kn,n is equitably n-colorable by Lemma 2.4. Otherwise, any two different neighbors
of z in G are adjacent. It implies that the subgraph of G induced by NG(z)∪{z} is a complete graph Kn. Since each of the other
vertices of Ui has the same property as z, we have that G ismKn, wherem = |Ui| = |V (G)|n . But, it is a contradiction. 
We conclude this section with the following theorem.
Theorem 2.6. Let G be a graph with∆(G) ≥ χ(G). If G is equitably∆(G)-colorable, then at least one of the following statements
holds.
1. ∆(G) is even.
2. No components or at least two components of G are isomorphic to K∆(G),∆(G).
3. Only one component of G is isomorphic to K∆(G),∆(G) and α(G− K∆(G),∆(G)) > |V (G−K∆(G),∆(G))|∆(G) > 0.
Proof. We prove it by contradiction. Suppose that∆(G) is odd, G has only one component isomorphic to K∆(G),∆(G), denoted
by G1, and α(G − K∆(G),∆(G)) ≤ |V (G−K∆(G),∆(G))|∆(G) . Since G is equitably ∆(G)-colorable, V (G) can be partitioned into ∆(G)
pairwise disjoint independent subsets V1, V2, . . . , V∆(G). Moreover, since α(G − K∆(G),∆(G)) ≤ |V (G−K∆(G),∆(G))|∆(G) , we have
|Vi ∩ V (G − K∆(G),∆(G))| = |V (G−K∆(G),∆(G))|∆(G) for all i ∈ {1, 2, . . . ,∆(G)}. Therefore, |V (G − K∆(G),∆(G))| and |V (G)| are both
divisible by ∆(G). Then |Vi| = |V (G)|∆(G) =
|V (G−K∆(G),∆(G))|+|V (G1)|
∆(G) =
|V (G−K∆(G),∆(G))|
∆(G) + 2 for all i ∈ {1, 2, . . . ,∆(G)}. However,
since |Vi ∩ V (G − K∆(G),∆(G))| = |V (G−K∆(G),∆(G))|∆(G) , we know that |Vi ∩ V (G1)| = 2 for all i ∈ {1, 2, . . . ,∆(G)}. This implies
that G1 is equitably ∆(G)-colorable. But, it is a contradiction because G1 is isomorphic to K∆(G),∆(G) and ∆(G) is odd. Thus
we have the proof. 
3. Bipartite graphs
In 1996, Lih and Wu proved the following two theorems.
Theorem 3.1 ([8]). Let G be a connected bipartite graph with ∆(G) ≥ 2 and bipartition X, Y . If G is different from Kn,n for all
n ≥ 2, then there exists an equitable ∆(G)-coloring of G such that at most one color class consists of vertices in X and vertices
in Y .
Theorem 3.2 ([8]). Kn,n is equitably k-colorable if and only if ⌈n/⌊k/2⌋⌉ − ⌊n/⌈k/2⌉⌋ ≤ 1.
In fact, the conclusions in Theorems 3.1 and 3.2 imply that a connected bipartite graph G with ∆(G) ≥ 2 is equitably
∆(G)-colorable if and only if G is different from K2n+1,2n+1 for all n ≥ 1. And we extend this result by removing the
connectedness requirement.
Theorem 3.3. A bipartite graph G with∆(G) ≥ 2 is equitably∆(G)-colorable if and only if G is different from K2n+1,2n+1 for all
n ≥ 1.
Proof. The necessity is obviously. Thus we have only to prove the sufficiency; that is, if a bipartite graph G with∆(G) ≥ 2
is different from K2n+1,2n+1 for all n ≥ 1, then G is equitably ∆(G)-colorable. First, if ∆(G) is even or no components of G
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are isomorphic to K∆(G),∆(G), then each component of G is equitably∆(G)-colorable by Theorems 1.1, 3.1 and 3.2. Second, if
∆(G) is odd andm components of G are isomorphic to K∆(G),∆(G) for somem ≥ 2, thenmK∆(G),∆(G) and the other components
of G are equitably ∆(G)-colorable, respectively, by Lemma 2.2, Theorems 1.1 and 3.1. Therefore, for each case above, G is
equitably∆(G)-colorable by Lemma 2.1.
Now, suppose that ∆(G) ≥ 3 is odd and only one component of G is isomorphic to K∆(G),∆(G), denoted by G1. Since G is
different fromK2n+1,2n+1 for alln ≥ 1 andG−K∆(G),∆(G) is still a bipartite graph,wehaveα(G−K∆(G),∆(G)) ≥ |V (G−K∆(G),∆(G))|2 >|V (G−K∆(G),∆(G))|
∆(G) > 0. Then there must be one component of G, denoted by G2, such that G2 with bipartition X, Y is not
isomorphic to K∆(G),∆(G) and α(G2) >
|V (G2)|
∆(G) > 0. Without loss of generality, we assume that |X | ≥ |Y |.
When ∆(G2) ≤ ∆(G) − 1 or |V (G2)| is not divisible by ∆(G), G1 + G2 is equitably ∆(G)-colorable by lemmas 2.3, 2.5
and Theorem 3.1. When∆(G2) = ∆(G) and |V (G2)| is divisible by∆(G), there exists an equitable∆(G)-coloring of G2 such
that at most one color class consists of vertices in X and vertices in Y by Theorem 3.1. If no color class consists of vertices
in X and vertices in Y , then there are at least two disjoint color classes S1 ⊆ X and S2 ⊆ X by ∆(G) ≥ 3 and |X | ≥ |Y |.
And we can obtain a proper ∆(G)-coloring of G2 such that the sizes of color classes in nondecreasing order are
|V (G2)|
∆(G) − 1,
|V (G2)|
∆(G) , . . . ,
|V (G2)|
∆(G) ,
|V (G2)|
∆(G) +1 bymoving one vertex from S1 to S2. Hence,G1+G2 is equitably∆(G)-colorable by Lemma 2.4. If
one color class consists of vertices in X and vertices in Y , denoted by S, then there is at least a color class S ′ ⊆ X by∆(G) ≥ 3
and |X | ≥ |Y |. And we can obtain a proper ∆(G)-coloring of G2 such that the sizes of color classes in nondecreasing order
are |V (G2)|
∆(G) − 1, |V (G2)|∆(G) , . . . , |V (G2)|∆(G) , |V (G2)|∆(G) + 1 by moving one vertex from S to S ′. Hence, G1 + G2 is equitably∆(G)-colorable
by Lemma 2.4.
Besides, the other components of G, except G1 and G2, are equitably ∆(G)-colorable, respectively, by Theorems 1.1 and
3.1. Thus G is equitably∆(G)-colorable by Lemma 2.1. 
From the proof of Theorem 3.3, we know that the necessary conditions mentioned in Theorem 2.6 are also sufficient
conditions when G is a bipartite graph.
4. A graph G with∆(G) ≥ max{χ(G), |V (G)|3 + 1}
In 1994, Chen et al. proved:
Theorem 4.1 ([3]). Let G be a connected graph with∆(G) ≥ |V (G)|2 . If G is different from Kn and K2n+1,2n+1 for all n ≥ 1, then G
is equitably∆(G)-colorable.
Later, in 1996, Yap and Zhang put forth a further result.
Theorem 4.2 ([11]). A connected graph G with |V (G)|2 > ∆(G) ≥ |V (G)|3 + 1 is equitably∆(G)-colorable.
In fact, the conclusions in Theorems 4.1 and 4.2 imply that a connected graph G with ∆(G) ≥ max{χ(G), |V (G)|3 + 1} is
equitably ∆(G)-colorable if and only if G is different from K2n+1,2n+1 for all n ≥ 1. And we extend this result by removing
the connectedness requirement.
Theorem 4.3. A graph G with ∆(G) ≥ max{χ(G), |V (G)|3 + 1} is equitably ∆(G)-colorable if and only if G is different from
K2n+1,2n+1 for all n ≥ 1.
Proof. The necessity is obviously. Thus we have only to prove the sufficiency; that is, if a graph G with ∆(G) ≥
max{χ(G), |V (G)|3 + 1} is different from K2n+1,2n+1 for all n ≥ 1, then G is equitably ∆(G)-colorable. First, since ∆(G) ≥|V (G)|
3 + 1, we have |V (G)| ≤ 3∆(G) − 3, and hence at most one component of G can be isomorphic to K∆(G),∆(G). Next, if
∆(G) is even or no components of G are isomorphic to K∆(G),∆(G), then each component of G is equitably ∆(G)-colorable,
respectively, by Theorems 1.1, 4.1 and 4.2. Therefore, G is equitably∆(G)-colorable by Lemma 2.1.
Now, suppose that ∆(G) is odd and only one component of G is isomorphic to K∆(G),∆(G), denoted by G1. Since G is
different from K2n+1,2n+1 for all n ≥ 1, we have ∆(G) ≥ 5 and ∆(G) − 3 ≥ |V (G − K∆(G),∆(G))| ≥ 1, and hence
α(G − K∆(G),∆(G)) ≥ 1 > ∆(G)−3∆(G) ≥
|V (G−K∆(G),∆(G))|
∆(G) > 0. Then G = G − K∆(G),∆(G) + G1 is equitably ∆(G)-colorable by
∆(G− K∆(G),∆(G)) < |V (G− K∆(G),∆(G))| ≤ ∆(G)− 3 and Lemma 2.5. 
From the proof of Theorem 4.3, we know that the necessary conditions mentioned in Theorem 2.6 are also sufficient
conditions when G satisfies∆(G) ≥ |V (G)|3 + 1.
5. A graph G with 3 ≥ ∆(G) ≥ χ(G)
Before we go any further, we need some more definitions. Consider a proper k-coloring of a graph G for some k ≥ χ(G).
Then the difference between the maximum size of a color class and the minimum size of a color class is called the width of
this proper k-coloring of G. Furthermore, we also need the following theorems for the proof of our main result.
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Theorem 5.1 ([3], Proof of Theorem 5). Let G be a connected graph with∆(G) = χ(G) = 3. If the widthw of a proper 3-coloring
of G is at least 2, then we always can find another proper 3-coloring of G such that whose width isw − 1 or w − 2.
Theorem 5.2 ([3]). The E∆CC holds for each connected graph G with∆(G) ≤ 3.
Theorem 5.3 ([2]). Let G be a graph with χ(G) ≥ ∆(G). Then there exists a proper coloring of G using χ(G) colors in which
some color class has size α(G).
Now, we are ready to obtain our main results. First, a graph G with ∆(G) = 1 ≥ χ(G) does not exist. Second, by
Theorem 3.3, we know that a graph G with ∆(G) = 2 ≥ χ(G) is equitably 2-colorable. Next, let us consider a graph G
with∆(G) = 3 ≥ χ(G).
Theorem 5.4. A graph G with ∆(G) = 3 ≥ χ(G) is equitably 3-colorable if and only if exactly one of the following statements
holds.
1. No components or at least two components of G are isomorphic to K3,3.
2. Only one component of G is isomorphic to K3,3 and α(G− K3,3) > |V (G−K3,3)|3 > 0.
Proof. By Theorem 2.6, the necessity holds. Thus we have only to prove the sufficiency. First, if no components of G are
isomorphic to K3,3, then each component of G is equitably 3-colorable by Theorems 1.1 and 5.2. Second, ifm components of
G are isomorphic to K3,3 for somem ≥ 2, thenmK3,3 and the other components of G are equitably 3-colorable, respectively,
by Lemma 2.2, Theorems 1.1 and 5.2. Therefore, for each case above, G is equitably 3-colorable by Lemma 2.1.
Now, suppose that only one component of G is isomorphic to K3,3, denoted by G1, and α(G − K3,3) > |V (G−K3,3)|3 > 0.
Then there must be one component of G, denoted by G2, such that G2 is not isomorphic to K3,3 and α(G2) >
|V (G2)|
3 > 0.
If ∆(G2) ≤ 2 or |V (G2)| is not divisible by 3, then G1 + G2 is equitably 3-colorable by lemmas 2.3, 2.5 and Theorem 5.2. If
∆(G2) = 3 > χ(G2) = 2 and |V (G2)| is divisible by 3, then |V (G2)| ≥ 6 and it is not difficult to find a proper 3-coloring
of G2 such that the sizes of color classes in nondecreasing order are
|V (G2)|
3 − 1, |V (G2)|3 and |V (G2)|3 + 1 by using the method
mentioned in the proof of Theorem 3.3. Therefore, G1+G2 is equitably 3-colorable by Lemma 2.4. If∆(G2) = χ(G2) = 3 and
|V (G2)| is divisible by 3, then there exists a proper 3-coloring of G2 in which some color class has size α(G2) by Theorem 5.3.
Since α(G2) >
|V (G2)|
3 , the width of this proper 3-coloring is at least 2. Then we can find another proper 3-coloring of G2 such
that the width is equal to 2 by Theorem 5.1 and |V (G2)| is divisible by 3; that is, the sizes of color classes in nondecreasing
order are |V (G2)|3 − 1, |V (G2)|3 and |V (G2)|3 + 1. Therefore, G1 + G2 is equitably 3-colorable by Lemma 2.4.
Besides, the other components of G, except G1 and G2, are equitably 3-colorable, respectively, by Theorems 1.1 and 5.2.
Thus G is equitably 3-colorable by Lemma 2.1. 
By the statements above, we know that the necessary conditionsmentioned in Theorem 2.6 are also sufficient conditions
when G satisfies∆(G) ≤ 3.
6. Some concluding remarks
In fact, we believe that the conclusion of Theorem 2.6 is not only necessary but also sufficient. Hence, we propose the
following conjecture.
Conjecture 6.1. Let G be a graphwith∆(G) ≥ χ(G). Then G is equitably∆(G)-colorable if and only if at least one of the following
statements holds.
1. ∆(G) is even.
2. No components or at least two components of G are isomorphic to K∆(G),∆(G).
3. Only one component of G is isomorphic to K∆(G),∆(G) and α(G− K∆(G),∆(G)) > |V (G−K∆(G),∆(G))|∆(G) > 0.
Suppose thatG is a graphwith∆(G) ≥ χ(G) and only one component ofG is isomorphic to K∆(G),∆(G). IfG is isomorphic to
K∆(G),∆(G), then α(G− K∆(G),∆(G)) = 0 = |V (G−K∆(G),∆(G))|∆(G) . Otherwise, α(G− K∆(G),∆(G)) ≥
|V (G−K∆(G),∆(G))|
χ(G−K∆(G),∆(G)) ≥
|V (G−K∆(G),∆(G))|
χ(G) ≥
|V (G−K∆(G),∆(G))|
∆(G) . Therefore, the conclusion of Conjecture 6.1 also can be equivalently stated as the following conjecture.
Conjecture 6.2. Let a graph G satisfy∆(G) ≥ χ(G). Then G is not equitably∆(G)-colorable if and only if ∆(G) is odd, only one
component of G is isomorphic to K∆(G),∆(G) and α(G− K∆(G),∆(G)) = |V (G−K∆(G),∆(G))|∆(G) .
Furthermore, Kierstead and Kostochka in [6] also proposed a conjecture to characterize equitable∆-colorability inwhich
the notion of an r-equitable graph is involved. Let r be a positive integer. A graph G is said to be r-equitable if r ≥ χ(G),
|V (G)| is divisible by r and every proper r-coloring of G is equitable.
Conjecture 6.3. Let a graph G satisfy ∆(G) = r ≥ χ(G). Then G has no equitable r-coloring if and only if r is odd, G has a
subgraph H isomorphic to Kr,r and G− H is r-equitable.
In [4], Chen et al. prove that Conjectures 6.2 and 6.3 are equivalent.
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